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Abstract. We study algebraic fiber spaces / : X > Y where Y is of maximal 

Albanese dimension. In particular we give an eff'ective version a theorem of Kawa- 
mata: If Pm(X) = 1 for some m > 2, then the Albanese map of X is surjective. 
Combining this with [CH] it follows that X is birational to an abelian variety if and 
only if P2{X) = 1 and q{X) = dim{X). 



Introduction 

In this paper we combine the generic vanishing theorems of [GLl], [GL2], the 
techniques of [ELI] and the results of [Kol] and [Ko2] to answer a number of natural 
questions concerning the geometry and birational invariants of irregular complex 
algebraic varieties. 

Throughout the paper, we are motivated by the following: 

Conjecture K (Ueno). Let X be a nonsingular projective algebraic variety such 
that k{X) = and let albx '■ X — > Alb(X) be the Albanese map. Then 

(1) alhx is surjective and has connected fibers, i.e. alhx is an algebraic fiber 
space. 

(2) Let F be a general fiber o/albx- Then k(F) = 0. 

(3) There is an Stale covering B — > Alh{X) such that X x j^n,(^x)B is birationally 
equivalent to F x B over B. 

The main evidence towards this conjecture is given by 

Theorem (Kawamata). 

(1) Conjecture K (1) is true [Kal, Theorem 1]. 

(2) If F has a good minimal model (i.e. a model with only canonical singularities, 
and such that mK = for some positive integer m). Then Conjecture K is true 
[Ka2]. 

We remark here that in the proofs of our statements, we will make use [Kal, 
Theorem 1] in an essential way. As a consequence of [Kal, Theorem 1], one sees 
that: 
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Corollary (Kawamata, [Kal]). If k(X) — then q{X) < dim{X). Moreover, if 
q{X) = dim(X) then albjc : X — > Alh{X) is a birational morphism. 

There has also been considerable interest in effective versions of this result. 
KoUar has shown that: 

Theorem (KoUar, [Ko4]). 

(1) If Ps{X) = 1 then the Albanese map is surjective. 

(2) Moreover, if Pi{X) = 1 and q{X) = dim(X), then alhx : X — > Alb(X) is 

a birational morphism. 

Conjecture (KoUar, [Ko3, 18.13]). X is birational to an abelian variety if and 
only if q{X) = dini(X) and Pm{X) = 1 for some m>2. 

Our first result is: 

Theorem 1. If for some integer m > 2 the m-th plurigenera Pm{X) equals 1, then 
the Albanese map of X is surjective. 

Combining Theorem 1 with [CH] we obtain: 

Corolleiry 2. Kolldr's conjecture above [Ko3, 18.13] is true. 

We are also able to generalize the corollary of Kawamata's Theorem above: 

Corollary 3. If Pm{X) = P2m{X) = 1 for some m > 2, then q{X) < dim(X) - 

k{X). If q{X) = dim(X) — k{X), then the general fiber of the litaka fibration of X 
is birationally equivalent to a fixed etale cover A of A := A\h{X). 

Next, we study algebraic fiber spaces / : X — > Y where X, Y are smooth 
projective varieties and Y is of maximal Albanese dimension. The generic vanishing 
theorems of Green and Lazarsfeld are a very c;fFective t(;chnique in the study of 
irregular varieties. In §2, we prove a more general version of Theorem 2.1.3 below, 
which applies to irregular varieties not necessarily of maximal Albanese dimension. 
Using this result we are able to show: 

Theorem 4. If k{X) = 0, let a := albjf : X Alb(X) be the Albanese map, then 

(1) Either a^ux is a zero sheaf or a torsion line bundle. 

(2) Pi{Fx/AMX)) < 1. 

(3) IfPi{X) = 1, then a,ujx = OAib(x)- 

(4) There is a generically finite cover X — »• X with k{X) = k{X), such that 
alb^^(cj^) OAib^. 

We remark that the statement (2) can be regarded as an effective version of 
Conjecture K (2). Using a well known result of Fujita [Mo, (4.1)], for any X with 
k{X) = 0, there exists a generically finite cover X — > X such that k{X) = and 
Pi{X) = 1 as in (3). 

We explain the significance of (4). For any algebraic fiber space / : X — > Y 
the rank at a generic point of the sheaves /*(w®y^) corresponds to the plurigenera 
Pm{Fx/Y) of a generic geometric fiber. It is expected that the positivity of the 
sheaves /»(w^y^) measures the birational variation of the geometric fibers. Our 
methods unluckily cannot be applied to the case m > 2 because of the lack of a 
suitable geometric interpretation of the sheaves /*(a;®y^). 
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I£ F = Fx/Mh(x) has a good minimal model, then by Kawamata's result, there 
is an etale covering B — > Alb(X) such that X XAib(x) B is birationally equiva- 
lent to F X B over B. Since k{F) = 0, by Fujita's lemma again, there exists a 
generically finite cover F such that k{F) = and Pi{F) = 1. Since F has a good 
minimal model, we may assume in fact that (for an appropriate birational model 
with canonical singularities) Kp = 0. Let X = F x B. Then, for all to > 1 

TTB^iiof") = Ob, 

where ttb ■ X — > B is the projection to the second factor. 
The following lemma is useful: 

Lemma 5. Let f : X — > Y be an algebraic fiber space, Y of maximal Albanese 
dimension. If k{X) — 0, then Y is birational to an abelian variety. 

Theorem 6. Let f : X — > Y be an algebraic fiber space, Y of maximal Albanese 
dimension. 

(1) IfK{X) = k{Y), then Pi{Fx/y) < 1- 

(2) IfPi{Fx/Y) > 1; then > At(y). 

The above statements are closely connected to the following well known conjec- 
ture 

Conjecture Cn,m- Let f : X — > Y be an algebraic fiber space, dim(X) = n and 
dim(F) = m. Then 

k{X) > k{Y) + k{Fx/y)- 

This conjecture is true when Fx/y has a good minimal model [Ka2]. If one could 
generalize the generic vanishing theorem to the sheaves of the form oJY^f*oj'xfY 
for TO > 2, then using the same techniques, the Cn,m conjecture would follow for 
all algebraic fiber spaces / : X — > Y, with Y of maximal Albanese dimension. 

Finally, wc prove a generalization of [Kal, Theorem 15]: 

Theorem 7. Suppose X is a variety with k{X) = and dim(X) < 2q{X). If 
Pi{X) > 0, then > /iO(Alb, O^rb'). In paHicular, i/dim(X) = q{X) + 

1, thenPi{X) =0. 

We then illustrate how one can use this result to recover the Conjecture K, in 
the case dim{X) = q{X) + 1 [Kal, Theorem 15]. 

Acknowledgment. Wc are in debt to P. Belkale, A. Bertram, L. Ein, J. KoUar 
and R. Lazarsfeld for valuable coversations. 

0. Conventions and Notations 

(0.1) Throughout this paper, wc work over the field of complex numbers C. X 
will denote a smooth projective algebraic variety. 

(0.2) A general point of X denotes a point in the complement of a countable 
union of proper Zariski closed subsets of X . 

(0.3) Let / : X — > Y be an algebraic fiber space, i.e. a surjective morphism 
with connected fibers. Then Fx/y will denote the fiber over a general geometric 
point of Y. 
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(0.4) For Di,D2 Q-divisors on a variety X, we write Di = D2 if -Di and D2 are 
numerically equivalent. 

(0.5) For a real number a, let [aj be the largest integer < a and [a] be the 
smallest integer > a. For a Q-divisor D = J^^i^i: l^t [D\ = ^[a^JD^ and 
[D] = We will say that a Q-divisor A is kit (Kawamata log terminal) 

if A has normal crossings support and [AJ = 0. We refer to [Ko3, 10.1.5] for the 
general definition of kit divisor. 

(0.6) Let be a coherent sheaf on X, then h^{X,f ) denotes the complex di- 
mension of W{X,J^). In particular, the plurigenera h^{X,u:x®"^) are denoted by 
Pto(X) and the irregularity hP{X,Q.\) is denoted by q{X). 



1. Preliminaries 

1.1 The litaka Fibration. 

Let X be a smooth complex projective variety with k{X) > 0. Then a nonsin- 
gular representative of the litaka fibering of X is a morphism of smooth complex 
projective varieties /' : X' — > V such that X' is birational to X, dim(y) = k{X) 
and K{X'y) = 0, where X'y is a generic geometric fiber of /'. Since our questions will 
be birational in nature, we may always assume that X = X' . Let A := Alb(X) and 
let Z denote the image of X in A. Let Z' denote an appropriate desingularization 
of Z, we may assume that X — > Z factor s through Z'. By [Kal] the images 
a{Xy) = Ky arc translates of abelian subvarictics of A. Since A contains at most 
countably many abelian subvarieties, we may assume that Ky are all translates of 
a fixed abelian subvariety K c A. Let S := A/K and W denote the image of 
Z in S. Let W be an appropriate desingularization of W. We may assume that 
the induced morphism tt : X — > W factors through a morphism tt' : X — > W. 
Consider now a birational model of the litaka fibration / : X — > V. 

Claim. We may assume that the map tt' factors through / and a morphism 
q' :V — ^ W. 

To see this, note that by construction, there is an open dense subset U oiV and 
a map U — > S. However by a standard argument this must complete to a rational 
map V — > S (see e.g. [Kal, Lemma 14]). Since the problem is birational, we may 
assume that V — > S is infact a morphism that factors through W. The above 
maps fit in the following comutative diagram 



X 



Z' 



V 



W 



Z 



A 



W 



S. 



1.2 Fourier Mukai Transforms. 

Let A be an abelian variety, and denote the corresponding dual abelian variety 
by A. Let V be the normalized Poincare bundle on A x A. For any point y G A 
let Vy denote the associated topological trivial line bundle. Define the functor S of 
0A-inodules into the category of C^-modules by 



5(M) = 7r4,(P07riM). 
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The derived functor RS of S then induces an criuivalcncc of categories between the 
two derived categories D{A) and D{A). In fact, by [M]: There are isomorphisms 
of functors: 

RS o RS ^ i-lATi-g] 

and 

RS o RS ^ {-l^)*[-g], 

where [—g] denotes "shift the complex g places to the right". 

The index theorem (I.T.) is said to hold for a coherent sheaf on A if there exists 
an integer i{T) such that for all j ^ i(T), HHA,T®P) = for all P £ Vic^(A). 
The weak index theorem (W.I.T.) holds for a coherent sheaf T if there exists an 
integer which we again denote by i{T) such that for all j ^ i{^), R^S{T) = 0. It 
is easily seen that the I.T. implies the W.I.T. We will denote the coherent sheaf 
B}i^)S{J^) on A by J^". 

It follows, for example that given any coherent sheaf if h^{A,J^®P) = for 
all i and all P £ Pic" (A) then !F = 0. Consequently, if — > Q is an injection of 
sheaves which induces isomorphisms in cohomology 

H\A,J'®P) -=> H\A,g^P), 

for ah i and all P £ Pic°(A), then = 0. 

Proposition 1.2.1. If T is a coherent sheaf on A such that for all P £ V\c^{A) 
we have h°{A,T(^P) = 1 and h'^{A,J^®P) = for all i> 0. Then T is supported 
on an abelian subvariety of A. 

Proof. T satisfies the WIT and .F is a line bundle M on Pic°(^) = A such that 
M has index i{M) = dim(A), and M = (-1^)*.^. Any line bundle with i{M) = 
dim(A), is negative semidefinite. It is well known that there exists a morphism of 
abelian varieties b : Pic'^(^) — > A' such that M = b*M' for some negative definite 
line bundle M' on A'. It follows that M and hence are supported on the image 
of b* -.A' — >A. □ 

2. Relative Generic Vanishing Theorems 

We start by recalling some facts on cohomological support loci. Let n : X ^ A 

be a morphism from a smooth projective variety X to an abelian variety A. If J-" 
is a coherent sheaf on X, then one can define the cohomological support loci by 

V\X,A,J^) := {P e Pic°(A)|/i'(X,.F0 7r*P) 7^ 0}. 
In particular, if tt = albx : X Alb(X), then we simply write 

V\X,J^) := {P G Pic°{X)\h\X,J^^P) ^ 0}. 

We say that X has maximal Albanese dimension if dim(albx(-'i^)) = dim(X). 
The geometry of the loci V"^{X,ijOx) defined above is governed by the following: 
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Theorem 2.1 (Generic Vanishing Theorem). 

(1) Any irreducible component of V^{X,ljx) is a translate of a sub-torus of 
Pic°(X) and is of codimension at least i — (dim(X) — dim(albx(-'^)))- 

(2) Let P E T be a general point of an irreducible component T of V^{X,u)x)- 
Suppose that v G H^{X,Ox) — TpPic^(X) is not tangent to T. Then the sequence 

H'-^ {X, oJx^P)^ H' {X,uJx^P)^ H'+^ {X, ujx P) 

is exact. If v is tangent to T, then the maps in the above sequence vanish. 

(3) If X is a variety of maximal Albanese dimension, then 

P\c\X)^V\X,ux)^V\X,ux)^ ... ^V'^{X,ujx) = {Ox}. 

(4) Every irreducible component of V^{X,u)x) is a translate of a sub-torus of 
Pic°(X) by a torsion point. 

Proof For (1),(2), see [GL1],[GL2]. For (3), see [ELI] and for (4), see [S]. □ 

In [ELI], Ein and Lazarsfeld illustrate various examples in which the geometry 
of X can be recovered from information on the loci V^{X,ux)- 

In this section we prove a relative version of Theorem 2.1. Let tt : X — > Y 
be a surjective map of smooth projective varieties. Assume that Y has maximal 
Albanese dimension. Let n and m be the dimension of X and Y respectively. We 
wish to study the geometry of the loci V''{Y, Wtt^.ux)- By a result of Simpson [S], 
the irreducible components of these loci are torsion translates of subtori of Pic" (Y) . 
Therefore, their geometry is completely determined by their torsion points. Recall 
[Ko2, Corollary 3.3] that for any torsion Q e Pic°(X), one has 

R-K^iuJx^Q) = Y^R'f*{uJx®Q)[-i]. 

In particular hP{X,ojx®Q) = J2 ^HY, R"-\f*iLOx(E>Q)). 
Proposition 2.2. For w : X — > Y as above 

Pic°(F) D V\Y,R^Tr,uJx) D V\Y,R^TT,iJx) D 

...DV"'iY,R^TT,uJx)- 

Proof We will prove that h'{Y, R.^ tt^ojx(E)P) > implies h^-'^{Y, Rin^uJx(E)P) > 
for all i > 0. By Simpson's result mentioned above, it suffices to prove the assertion 
for torsion elements P G Pic^{Y). Fix a very ample line bundle L on Y and for 
1 < a < m, let Da be sufficiently general divisors in |L|. Denote the prcimage by 
Da = '^~^{Da)- Consider the sequence of varieties defined by Xq = X, Xa+i = 
Xa n Da+1- Let Ya '■= 7r(Xc). We may assume that the Da are chosen so that 
Xa, Ya arc smooth for < a < to. The corresponding morphisms n\x„ '■ Xa — >■ Ya 
will also be denoted simply by tt. 

By [Ko 2, Corollary 3.3], for any torsion P G Pic"(y), we may identify H\Ya, W 
<S)-P) as a subgroup of H^~^^{Xa, LOXa,®T^*P)- 
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H°{Yi,R^T:,u;x.(^P) H\Y,R^n,uJx®P). 

Proof. Wc will prove the assertion for P = Oy- In the general case the proof 
proceeds analogously. Consider the exact sequence of sheaves 

— ^ujxt — > uJXt (A+i) — > wxe+i — > 

this induces sequences of sheaves 

— > R^TT^uxt — > Wn^uxtiDt+i) — > R^'^*oJxt+i — >■ 0. 

By step 4 of the proof of [Kol, Theorem 2.1 iii], for appropriately chosen Da, 
the above sequence is exact and equivalent to 

Wn.LJx,^ (0 Oy, Oy^+ADt+i) O) . 

By [Ko 1], H'^iYt, R^-k^ujx, (A+i)) = for all fc > 0. We therefore have an exact 
sequence 

H°{Yt,R^7r,u;xJ 

H'>{Yt+i,R^7T,ujx,^J H\Yt,R^Tr,u;x,) 0, 

and isomorphisms H'^{Yt+i-,R^T^*'^Xt+i) = H'''^^iyt-,R^T^*'^Xt) for k = l,...,m — 
t—1. The claim now follows. 

Moreover, the map 

H%Yi,RH,u:x,) H\Y,RH,Ux) — H^+'{X,Ux) 

is induced by the inclusion H^{Yi, R^ir^UXi) — *■ H^{Xi, WxJ and by the cobound- 
ary maps 

6 : H^{Xi,ux,) — H^+\Xi_i,ux,_J — ... ^ H'+i{X,u>x). 

The map 6 is dual to the map 

5* : H''-'-^{X,Ox) — > H^'-'-^XuOxJ ... H""-'-^ {Xi,Ox,) 

induced by successive restrictions. In turn, this map is complex conjugate to the 
map 

5* : ... H'^{Xi,n'£'-^) 

induced by successive restrictions. Let V be the subspace of fi^"*"-*) corre- 

sponding to the complex conjugate of H^{Y,R^'k*wx)* ■ It follows from the above 
claim that 5* induces an injection V ^ H°{Xi,fi^^~-'). 
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Fix a general smooth point p of 7r(Xi). Let a : Y — > A be the Albanese map. 
For a general point p e Yi. One may assume that Zi,...,Zm are local holomorphic 
coordinates for a{Y) at a{p), where zi,...,Zm-i are local holomorphic coordinates 
for a{Yi) at a{p). We may assume furthermore that the pull backs of the Zi, which 
we denote by Xi, give rise to local holomorphic coordinates for Y and Yi at p. We 
may assume that dxi{p) = in fiy. (X'C(p) for all m — z + 1 < I < m (i.e. dxi is 
conormal to Yi at p). Fix p £ tt^^(p). Let uj G i?°(j4, fi^J such that io{p) = dzm- 
Let 7/1, ...;?/„ be local holomorphic coordinates on X centered at p G Tr^^{p) such 
that Ui — Xi o TT for all 1 < i < m. Let v be any element in V" C H'-\X, il'^-'^^). 
Then, 

where the sum runs over all multiindices of length n — i — j ie K = {ki, kn-i-j) 
and dyK = dyk^ A ... A dyk„_i_y Since V injects in f]^"*"-'), for any fixed 

V G V, hy genericity of the choice of the point p, we may assume that v{p) ^ 
in f2j~*~"'(2)C(p). In particular, there exists a multiindex K such that afi{p) 7^ 0, 
and for all 1 < / < n — i — j, ki doesn't belong to {m — i + 1, m}. Therefore 
vU(jj G H'^{X, il.^-'^^) is non-zero since the coefficient of dyj^^j^^y is non-zero. 

Composing again with complex conjugation and Serre duality we see that there 
is a non-zero element in W~^{Y, WiTt:U>x) C H^'^^~^ [X.ux)- D 

The following notation will be convenient. For any line bundle L on y and 

V e H^iY, Oy), we will denote by /C^ and B^^y^ the kernel and the image of 
the map 

H\Y,L) W+^(Y,L). 

Let Wi^Yv '■— ^LYv/^LYv subscripts Y and v will be dropped when no 
confusion is likely. 

Let r : H^{X,Ox) -> Pic"(X) be the map induced by the exponential sheaf 
sequence. Let A c Spec£.\t\ be a neigborhood of 0. For P G Pic°(X) and v € 
H^{X,Ox), let V a line bundle on X x A such that V\xxt = P®T{tv). Let 
px : X X A. X and pi\ : X x A. — > A be the projections to the first and second 
factors. We will need the following result due to Green and Lazarsfeld. 

Theorem 2.3 [GL2]. There is a neighborhood of for which 

R'paAp*x<^x®V) ^ {JCl^^p^O^/m) © (K^0P®Oa) . 

Proof. This is a generalization of [GL2, Theorem 3.2], which follows from the com- 
ments preceeding [GL2, Theorem 6.1]. See also [CIH]. □ 

Corollary 2.4. Let e K-l^^p C H\X,ujx®P)- Let 4> G R'pA,{P*x'^x®V) he 
a section such that ($)o = (j)- Assume that $|(a-o) = 0- Then ^ = jUv for an 
appropriate 7 G H'^~^{X,u)x^P)- 

Proof. Since $|(a-o) — 0, there exists an integer A; > such that t''^ = G 

R'PA,(j>*x<^x^'P). Therefore, 

If fc = then = G ^^^^p, and there is nothing to show. If fc > 1 then 
(/) = G Ti-l^^^p, and hence = 7 U for an appropriate 7 G H^~^{X, ujx®P)- D 
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Proposition 2.5. Let n : X — y Y be an algebraic fiber space, Y of maximal 
Albanese dimension. If H^(Y,tt^,ijux®P) = for all i and all P in a punctured 
neighborhood of a torsion Pq € Pic°(y), then, for any v G H^{Y, Oy), the complex 

H'-\Y,t:^ujx®Po) ^ H\Y,n,u;x®Po) ^ H'+\Y,tt.ujx®Po) (*) 
is exact. 

Proof. We will use the notation of the proof of Proposition 2.2. Let us first consider 
the folowing diagram, which is commutative for each square. 

PaAPx^x,(^V) WpA,{Px^x®V) 



H%Xi,uJx^m*Po) W{X,ujxm*Po) H'+\X,ujx®t^*Pq) 

"I "I "1 

HO(yi,7r*a;x,®Po) H\Y,n,oJx,®Po) H'+\Y,tt,ujx,<S)Po) 

Let / G H\Y, 7r*wjf (8)Po), such that f\Jv = G W+'^{Y, tt^ujx'S>Pq). By abuse of 
notation, we will also denote by / the corresponding clement in W {X , ux ® tt* Pq) . 
Since 6x is surjective, we take / G H°{Xi,ujXi'S)n* Pq) a lift of /. We remark 
that also / U n*v = 0. Let F G PA*{Px'^Xi<SiV) be the section corresponding to 
/ + Oi + Ot^ + ... and F G PVa. {p*x<^x'S^'P) be the corresponding section under the 
coboundary map. One has P|t=o = / G H^{X,uix0'n'* Po) 

By the claim in the proof of 2.2, the condition WiY, 7r*a;x0P) = is equivalent 
to the vanishing of the following map 

H\Yi,T:^uJx,<^P) ^ H\Xi,uJx,m*P) H\X,ujx^7t*P) (**). 

For all P in a punctured neighborhood of Pq the map (**) vanishes. Therefore 
F\iA-o) = 0- By Corollary 2.4, / = 7U7r*t; for an appropriate 7 G H''~^{X,u)x'Si'Jt* 

Following [Ko2], write = ^gj where gj & W ^ ^(Y, W-k^ujx^Po), then gj U 
V G W~^{Y, P-'tt* ljx^Pq), so f = goUv, and therefore (*) is exact. □ 

3. Proof of Theorems 

Proof of Theorem 1. By [Kal, Theorem 1], we may assume that > 0. Let 

/ : X — > F be a birational model of the litaka fibration, tt : X — > W and S be 
as in §1.1. 

Assume that m = 2 (the proof proceeds analogously for any m > 2). Fix H 
an ample divisor on S. For a fixed r » 0, after replacing X by an appropriate 
birational model, we may assume that 

\rKx-T^*H\ = \Mr\+Fr 

where \Mr\ is non-empty and free, and F^ has simple normal crossings. Let B be 
a general divisor of the linear series \rKx — 7r*i?|. We may assume again that 
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B has normal crossing support. Define L := Ox{Kx — L^fJ)- We have that 
L = {n*H/r) + {^} is numerically equivalent to the sum of the pull back of a nef 
and big Q-divisor on W and a kit Q-divisor on X. 

As in the proof of [CH, Lemma 2.1], it is possibile to arrange that |2ii'x| = 
\Kx+L\ + [f J. In particular h°{X,ojx(S)L) = 1. 

Since tt : X — > is a surjective map, by [Ko3, Corollary 10.15], Tr^{cox®L) is 
a torsion free coherent sheaf on W, and h^{W,n^{uJx^L)^P) = for alH > and 
P e Pic°(S'). It follows that 

/i°(W,7r*(a;x<8>i)(8)P) = x{W,Tr*{iJx^L)^P) 
= x{W,7r4ux^L)) = h^{W,n4ux^L)) = 1 
for aU P G Pic" (5). 

By Proposition 1.2.1, 7r»(a>x®^) is supported on an abelian subvariety S' of S. 
Since 7r*(u;x'8)i) is torsion free and the image of X generates S, we see that 5" = S, 
and hence X — > A is surjective. □ 

Proof of Corollary 3. If k.{X) = 0, this is a result of Kawamata. We may therefore 
assume that k{X) > 0. By Theorem 1, X — > Alb(X) is surjective. By [CH, 
Lemma 2.1] wf"® 7r*P) > for all P G Pic°(5'). From the map of linear 

series 

\mKx + g| X \mKx - Q\ ^ \2mKx\ 

it follows that P27n{X) > dim(S') + 1, and therefore dim(S') = 0. The general 
geometric fiber Xy of the litaka fibration has dimension dim{X) — k{X). Since 
dim(S') = 0, by construction, it follows that alhx{Xy) = Alb(X) and hence 
dim(X) - k{X) > q{X). 

Suppose now that dim(X) — k{X) — q{X). Then the map Xy — > Alb(X) is 
birationally etale, and we may assume that Xy is birational to A for a fixed abelian 
variety A. □ 

Remark. Under the same hypothesis one can show that in fact q{V) — 0. In 
particular if Pm{X) = P2m(X) = 1 for some m > 2 and q{X) = dim(X) — 1, 
k{X) = 1, then V = 

Lemma 3.1. If k{X) = 0, then V^{X,CiJx) contains at most one point. 

Proof. Assume that there are 2 distinct points P. Q in V'^{X,llJx). By Theorem 
2.1, we may assume that P,Q & Pic°(Ar) are torsion elements. Pick any m > 
such that P®™ = Q®™ = Ox, then if P 7^ Q, we have > 1 which is 

impossible. Therefore P = Q. □ 

Lemma 3.2. Let a : X — > A he an algebraic fiber space from a smooth projective 

variety X to an abelian variety A. Then 

K := ker (Pic°(^) Pic°(X)) = {Oa}- 

Proof The map a factors as X Alb(A) A. The map Alb(A:) — > A is 

surjective, therefore K consists of a discrete subgroup of Pic°(A). Define A' = 
{Pic°{A)/K)*. Then there are maps 

X — > Alb(X) — >A' — >A. 
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Since X — > A has connected fibers, then A = A'. □ 

Proof of Theorem 4- (1) Let A := Alb(X). By [Mu] a^cJx is zero if and only if 
V^{A, a^^ujx) is empty for all i. By Proposition 2.2, this is equivalent to V°{A, a*a;x) 
being empty. Thus if a*a;x 7^ 0, by Lemma 3.1, we may assume that V^{A, a^^wx) 
consists of exactly one (torsion) point say P and o*a;x®-P) = 1- We shall 

prove that the injection Oa — > a*a;x<8)-P is in fact an isomorphism of sheaves. 
Therefore a*wx e Pic°(A). 

To this end, we consider complex D{v) 

. . . W-\A,a^uJx<»P) ^ H'{A,a,LOx®P) ^ H'+\A,a,LOx^P) ■ ■ ■ 
By Proposition 2.5, this is exact for ail v € H^{A, Oa)- 

Step 1. Let V* = Oa) and P = F{V). There is an exact sequence of vector 

bundles on P: 

— ^ H°{A, a*LJx®P)<S>Op{-q) — > H\A, a^ujx®P)®Ov{-q + 1) — > ... 

... — > Hi{A, a^ojx®P)®Ov — > 0. (/C*) 

To see this, it is enough to check exactness on each fiber (see [ELI] for a similar 
argument). A point in P corresponds to a line in H^{A,Oa) containing a point 

say V. On the fibers above [w], the sequence of vector bundles corresponds to the 
complex D{v) which is exact. Similarly, there is an exact sequence of vector bundles 
on P: 

H\A, OA)^Or{-q) H\A, OA)®Or{-q + 1) ^ .•• 

... Hi{A, Oa)OOp 0. (/CS) 

There is an injection of sheaves i : Oa — > a^LOx®P determined by the choice of a 
section of airUJx®P. This induces a map of complexes i* : /C* — > JC* . 

Step 2. : H''{A, Oa) — > H^{A, a^ux'^P) is an isomorphism for < i < q. 

We will proceed by induction. By assumption H^{A,Oa) — H'^{A,a^LUx'SiP). 
Assume now that : H^{A,Oa) — H"^{A,a^ux^P) for all i < r, we must show 
that f» : H'^{A,Oa) — > H'^{A,a^,ujx®P) is also an isomorphism. Twisting the 
complexes IC', IC' by Op{—r) and taking cohomology, we have: 



H^-\A,OA)m'i-\Op{-q - 1)) H'^-\A,a,u;x^P)m<i-\Or{-q - 1)) 



H^{A,OA)m<'-\Or{-q)) H^{A,a,uJx^P)m''-HOr{-q)). 








An easy spectral sequence argument implies that for r > 1, the vertical lines are 
exact. By the five lemma, we obtain the required isomorphism. 
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Step 3. a^tJx'^P = OA- 
Let TZ be the cokerncl oi i : Oa ^ a^0Jx®P- For alH > and Q e {Pic"(A) - 
Oa}, h'{A,OA(E>Q) = h''{A,a*u)x^P'S>Q) = 0. By Step 2, it follows that h\A,n® 
0) = for alH > and Q G Pic°(A). By §1.2, 7^ = 0. This completes the proof of 
(l). 

(2) follows from (1) since the generic rank of a*a;x corresponds to Pi{Fx/A\h(x))- 

(3) also follows immediately from (1). 

(4) By Fujita's lemma [Mo, (4.1)] there is a smooth projective variety X, and 
a generically finite surjectivc morphism ;/ : X — > X such that k{X) = k(X) = 
and Pi{X) > 0. Hence Pi{X) = 1. The Albanese map of X is surjective by [Kal], 
and (4) now follows from (3). □ 

Proof of Lemma 5. Let : Alb(X) — > Alb(y) be the map induced from /. Since 
K,{X) = 0, by [Kal, Theorem 1] albx : X — > Alb(X) is an algebraic fiber space. 
It follows easily that /* and /* o albjc are surjective maps. Consider the Stein 
factorization Alb(X) -> A' — > Alb(r) of the map Then Alb(X) A' is an 
algebraic fiber space and A' — > Alb(F) is an etale map of abelian varieties. It 
follows that also a' : X ^ A' is an algebraic fiber space and the fibers Fx/y are 
contracted by a' . By [Kal], there exists an induced (generically finite) rational map 

Y — -> A'. It follows that the generic degree of the surjective map Y — > A' is 1. 
Therefore, Y — > Alb(y) is birationally etale. □ 

Proof of Theorem 6. To prove (1), we consider the generically finite map alb^ : 

Y — > alby(y) c Alb(y). 

Step 1. If k{X) > 0, then the litaka model of X dominates the litaka model ofY. 

Therefore k{X) > k{Y). 

Let X — > V and Y — > W be appropriate birational models of the litaka 
fibrations of X and Y respectively. Since k{Fx/v) = 0, it follows by Lemma 5 that 
f{Fx/v) is birational to an abelian variety. And the map 

f{Fx/v) adhY{f{Fx/v)) 

is birationally etale. Therefore, it is easy to see (following the proof of [Kal, 

Theorem 13]) that f(Fx/v) is contained in the fibers of the litaka fibration Y — > 
W. Therefore, there exists a rational map V — * W. By changing birational 
models, we may assume that it is a morphism. 

Step 2. IfK{X) = k{Y), then Pi{Fx/y) < 1. 

Since X — > Y and Y — > W arc algebraic fiber spaces and dim(l/) = k{X) = 
k{Y) = dim(VK), it follows that V — > W is birational. Fx/v = Fx/w — > Fy/w 
is also an algebraic fiber space with generic fiber Fx/y- One sees that k{Fx/v) = 
and Fy/w is of maximal Albanese dimension and hence Fy/^y is birational to an 
abelian variety by Lemma 5. It follows by Theorem 4 that Pi{Fx/y) < 1- 

We now prove (2). Assume that k{Y) = 0. Since h'^{Fx/Y,u!x\Fx/Y) > 0' then 
f^ojx 0. If h^{X,u)x®f*P) = for all P € Pic°{Y), then by Proposition 2.2, 
h^iY, f*^x®P) = for all i and all P <E Pic°(F) and hence /*aJx = a contra- 
diction. Therefore h°{X,uJx®f* P) > for some P G Pic°(F). By Theorem 2.1.4, 
we may assume that P®^ = Oy for some appropriate integer r > 0. Therefore, 
Pr{X) > and k{X) > 0. 
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If k{Y) > then following [Kal, Theorem 13], there exists an etale cover Y — > 
Y which is birational to F x P with F of general type (and maximal Albanese 
dimension) and P an abelian variety. Consider the corresponding etale cover X := 
XxyY — > X and the induced algebraic fiber space f : X —^Y. Since k{X) = k{X) 
and k{Y) = k{Y), it suffices to show that k{X) > k{Y) = K(r). Since F is 
of general type, by a theorem of Viehweg (see e.g. [Mo, 6.2.d]), we have that 
k{X) > «;(r) + K{Fj^^j,). We then consider the fiber space F-^^^ — > Fy^^. Since 
k{Fy/y) — '^(-P) = 0, one sees that K{Fj^^j.) > k{Fy^j.) = by the preceeding case. 
The assertion now follows. □ 

Proof of Theorem 7. If dim(X) = q{X) + 1, this is [Kal, Theorem 15]. Let A = 
Alb(X) and q := q{X) = dim(A). We have already seen that Oa is an isolated 
point of V'^{X, A, cox)- Therefore, proceeding as in the proof of Theorem 4, we have 
that h'^{A,at,LOx) = /i°(^, a*wx) = 1- By [Kol, Proposition 7.6], i?"~'a*a;x = i^a- 
Therefore, by Hodge symmetry, Serre duality and [Ko2] 

h^iX^n';^-") = h'i{X,ujx) > /i«(Aa*wx) +/i«"^""'^HAfl;""'a.a;x) > 

h^i-'^iAwA) = /i"-«(ACa) = /l°(A^^^'')• 

If n = g + 1 and Pi{X) = 1, then we would have h°{X, Q.]^) > h^{A, n\) which is 
impossible. □ 

Corollary 3.4 ([Kal, Theorem 15]). Let k{X) = 0, dim(X) = q{X) + 1. Then 

Conjecture K holds 

Proof. By Fujita's lemma [Mo, (4.1)] there is a smooth projective variety Y , and 
a generically finite surjective morphism v : Y — > X such that k{Y) = k(X) = 
and Pi(Y) = 1. One sees that Alb(y) — > Alb(A) is surjective and hence q{Y) > 
q{X) = dini(A) — 1. Therefore, by Theorem 7, q{Y) > dim(y) and hence by 
Kawamata's Theorem, Y — > Alb(y) is birational. The fibers oiY — »■ Alb(X) are 
translates of a fixed elliptic curve E. The corollary now follows. □ 
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